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There have been several studies that aim to determine the most superior Weibull 
parameter recovery approach of specifying a given forest stand’s Weibull diameter 
distribution, but no consensus has been made. The lack of agreement could be attributed 
to studies using different moments/percentile prediction models as well as using different 
plot size data. This study investigates how plot size and prediction model form affects the 
performance for moments, hybrid, and percentile Weibull parameter recovery 
approaches. Five plot sizes and three moments/percentile prediction models were used to 
determine their effects. Weibull parameters were calculated using each recovery method 
for each plot size and moments/percentile prediction model combination. Each 
combination’s diameter distribution was recovered and assessed using absolute error 
index. Results showed that plot size affected rank of precision for parameter recovery 
methods. Findings suggest that order statistics may be important in recovering Weibull 
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In forest management, trees are valued according to their diameter at breast height 
(dbh). In wildlife habitat management, for example, diameter distribution information of 
a stand can provide insight into stand structure that can cater to various species of 
wildlife. In timber production, diameter distribution information is important for 
forecasting future volumes and categories of timber product. These categorizations often 
refer to the various product categories that a paper or lumber mill is willing to accept, 
such as pulpwood, chip-n-saw, and sawtimber. Being able to estimate the amount of 
product (in tons) in each category is often carried out using diameter distribution models 
which allow oneself to determine the number of trees that can be expected in each 
diameter class. Once the number of trees occurring in each diameter class have been 
calculated, volume equations that estimate tonnage are able to be applied to obtain 
volume estimates. Diameter distribution models are used in whole stand growth and yield 
systems which are powerful tools used to predict the future volume yields of forests. By 
being able to predict future volume yields, land managers have financial insight into the 
stand’s future value. 
In whole stand forest growth and yield systems, the future stand yield is predicted by 
using models that forecast the stand’s diameter moments and/or percentiles in 
conjunction with a mathematical system to recover the diameter distribution from 
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predicted moments and/or percentiles. Weibull probability density distribution is widely 
used to model the diameter distribution of a forest stand (Zarnoch and Dell 1985, Jiang 
and Brooks 2009). A few studies have compared Weibull parameter recovery systems 
based on moments only to those based on moment-percentile hybrid approaches. The 
studies arrived at varied conclusions in regard to the best approach of recovering a 
stand’s future diameter distribution from predicted stand level statistics. For practical 
applications, it is important to know which combination of plot size, recovery method 
used, and moment/percentile equation form results in the most accurate prediction of a 
future stand’s diameter distribution. This research aimed to explore the effects of plot 
size, Weibull parameter recovery method, and prediction model forms on the accuracy of 
predicting future stand diameter distributions. 
Objectives 
The study objectives were to: 1) determine the effect of inventory plot size on the 
accuracy of a predicted diameter distribution, 2) determine whether the prediction 
accuracy of the Method of Moments, Hybrid, or Percentiles approaches of diameter 
distribution recovery is affected by plot sizes, and 3) determine whether 
moment/percentile prediction model form affects accuracy of the recovered diameter 






Whole Stand and Diameter Distribution Growth and Yield Models 
Whole stand growth and yield models are the simplest of the models that are 
commonly used in forestry applications. Originally, whole stand models output a yield 
table that was tabulated by site index and age. The projected volume outputs were 
calculated via linear regression equations e.g. by MacKinney et al. (1937) and 
MacKinney and Chaiken (1939) and utilized easy to measure site parameters such as 
stand age, stand density, and site index. Whole stand models were relatively easy to 
develop and provided a general projected volume estimate in even-aged stands consisting 
of a single species. 
However, it is often insightful and beneficial as a land manager to have a better 
grasp and understanding of stand complexities such as the diameter distribution of a 
stand. By being able to have an estimated diameter distribution a manager is able to 
determine if fertilization treatments may be needed, assess wildlife habitat, and have a 
better financial outlook. The desire to estimate diameter distributions of stands formed 
the concept and implementation of diameter distribution models. In diameter distribution 
models, a probability distribution function is used to recover the stand’s diameter 
distribution from predicted stand summary and/or order statistics. The Weibull 
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probability density function (pdf) is currently the most widely applied. The Weibull pdf is 
characterized by parameters for its location (starting point), shape, and scale.  
Modeling Diameter Distribution of Forest Stands  
The first reported attempt to fit diameter distribution models to forest stands was 
by de Liocourt in 1898 who constructed a model for uneven-aged forests based on a 
geometric progression. (Meyer and Stevenson 1943). Other systems were later 
constructed that could be used to fit reverse J-shaped diameter distributions (Leak 1965), 
mound shaped diameter distributions (Meyer 1930), the Pearl-Reed growth curve 
(Osborne and Schumacher 1935, Nelson 1964), Pearsonian curves (Schnur 1934), gamma 
distributions (Nelson 1964), the three-parameter logarithmic-normal distribution (Bliss 
and Reinker 1964) and the beta distribution (Clutter and Bennett 1965). Due to the 
multitude of curves that could be used to fit various diameter distributions, a lack of 
consistency and adaptability often proved troublesome for forestry applications. This lack 
of consistency and adaptability led to the proposal of using the Weibull probability 
density function (Fisher and Tippett 1927, Weibull 1951) to fit commonly observed 
diameter distributions in forestry applications (Bailey and Dell 1973). 
The Weibull probability density function (pdf) is characterized by three 














]      (𝑎 ≤ 𝑋 < ∞)                           (1) 
= 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
Once integrated, the Weibull function yields the following closed-form cumulative 
distribution function (CDF): 
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]   (𝑎 ≤ 𝑋 < ∞)                               (2) 
= 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
where a is the location parameter, b is the scale parameter, c is the shape parameter, and x 
is the diameter at breast height (Clutter et al. 1983). When used to model forest diameter 
distributions, these parameters correspond to the minimum diameter, scale, and shape of 
the distribution, respectively. The b and c parameters are required to be positive and 
while a must be greater than 0. When c, the shape parameter, equals a value less than 
one, the curve shape is an inverse j-shape. When c is equal to one, it causes the curve to 
take the shape of the negative exponential distribution. Mound shaped curves take place 
for c values greater than one and forms a normal distribution when equal to 3.6. If c’s 
value is greater than 3.6 the curve becomes left-skewed, indicating that there is a higher 
proportion of larger diameter trees in the distribution. If c’s value is less than 3.6, the 
curve becomes right-skewed, indicating that the distribution is made up of a higher 
proportion of lower diameter trees. 
To characterize the diameter distribution of a given forest stand, knowledge of the 
stand’s a, b, and c Weibull distribution parameters is needed. The various options that 
have been proposed in forestry involve estimating the parameters from stand summary 
characteristics such as dimeter order statistics (0th, 25th, 50th, 93rd, and 95th percentiles) 
and summary statistics (arithmetic mean diameter and quadratic mean diameter). Among 
the first Weibull parameter estimation techniques was the parameter prediction method in 
which parameters were directly estimated from stand attributes using linear regression 
equations that related stand Weibull parameters to stand attributes such as dominant 
height, trees per acre, and age (Clutter et al. 1983). Weibull parameters used to fit the 
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regression equations were first estimated from stand diameter distributions generated 
using the maximum likelihood approach. Examples of parameter prediction equations 
previously used include: 
𝑎 = 𝑏0 + 𝑏1𝐻𝑑                                                                   (3) 




+ 𝑏3log (𝐻𝑑)                                       (4) 
𝑐 = 𝑏0 − 𝑏1𝐻𝑑 − 𝑏2𝑇𝑃𝐻                                                            (5) 
(Feduccia et al. 1979) 
The parameter prediction approach did not work very well. Parameters were 
predicted using regression equations that were fit to a precise diameter distribution and 
ultimately led to poor parameter prediction with low R2 values for the a and c parameters. 
Additionally, it was difficult to adjust the distribution to changes that arose when a stand 
was thinned or fertilized (Hyink and Moser 1983). Due to these implications in using the 
prediction method, continued efforts sought to find a more tangible approach to 
estimating the Weibull parameters.  
Hyink and Moser (1983) proposed the Method of Moments (MOM) approach for 
estimating Weibull diameter distribution of a forest stand. In this approach, regression 
equations were used to predict the arithmetic mean diameter (AMD, the first moment) 
and the quadratic mean diameter (QMD, derived from the second moment). Weibull 
parameters are then calculated (recovered) from arithmetic mean diameter (AMD) and 
quadratic mean diameter (QMD) using the following algebraic equations (Burkhart and 
Tome 2012).  
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) = 0    (8) 
where ?̂?𝑞 is predicted QMD, ?̂? is predicted AMD, Γ is the gamma function and a, b, and 
c are recovered Weibull parameters. Since method of moments (MOM) does not predict 
Weibull parameters directly from stand characteristics, it is described as a parameter 
recovery approach. Other parameter recovery approaches that were proposed over time 
include: 1) Percentile (PCT) (Bailey et al. 1989) and 2) Hybrid (HYB) (Baldwin and 
Feduccia 1987).  
The HYB approach utilizes predicted minimum diameter, predicted QMD, and 
the predicted 93rd percentile. Due to using both percentiles and moments to recover the 
Weibull parameters it is classified as a hybrid approach. Parameter recovery equations for 
the HYB approach are as follows: 
𝑎 = 0.5 ∗ ?̂?𝑚𝑖𝑛     (9) 
𝑏 = (?̂?93 − 𝑎)/2.65926













= 0    (11) 
where ?̂?𝑚𝑖𝑛 is predicted minimum diameter, ?̂?93 is predicted 93
rd percentile, ?̂?𝑞 is 
predicted QMD, and a, b, and c are recovered Weibull parameters.  
The PCT parameter recovery method utilizes regression equations to predict 
different diameter percentiles (0th, 25th, 50th, 95th, and QMD) for the given stand. From 








3 − 1)    (12) 
𝑏 = 2.343088/[ln(?̂?95 − 𝑎) − ln(?̂?25 − 𝑎)]   (13) 













]0.5    (14) 
where 𝑛 is number of trees in the plot, ?̂?𝑚𝑖𝑛 is the predicted minimum diameter, ?̂?25 is 
the predicted 25th percentile, ?̂?50 is the predicted 50
th percentile, ?̂?95 is the predicted 95
th 
percentile, ?̂?𝑞 is predicted QMD, Γ𝑖 is the gamma function, and a, b, and c are recovered 
Weibull parameters. The hybrid parameter recovery method also uses regression 
equations to predict the 0th percentile, QMD, and 93rd percentile. It should be noted that 
although the percentiles method utilizes a majority of percentiles, it also uses the stand’s 
QMD. Because it does utilize QMD, which is not a percentile, it is not a true “percentile” 
recovery method and can thus be categorized as a hybrid method. 
In the MOM, HYB, and PCT parameter recovery approaches, different equation 





) + 𝜀                                    (15) 
(Matney and Farrar 1992), 




+ 𝑏3𝐴𝑔𝑒) + 𝜀                                 (16) 
(Baldwin and Feduccia 1987), and 
?̂?𝑀/𝑃 = exp (𝑏0 + 𝑏1𝑅𝑆 + 𝑏2 𝑙𝑛(𝑇𝑃𝐻) + 𝑏3 𝑙𝑛(𝐻𝑑) +
𝑏4
𝐴𝑔𝑒
) + 𝜀      (17) 
(Cao 2004). 
A few studies have compared the recovery approaches to determine the superior 
approach. In a study conducted by Shiver (1988), three parameter estimation methods 
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were compared when fit to four datasets composed of varying sample sizes. Parameter 
estimation methods included the percentile method, maximum likelihood estimation 
(MLE), and a modified MOM estimation. The MLE method was used primarily as a 
reference check for the other parameter recovery methods. It should be noted that the 
MLE method requires knowledge of the entire diameter distribution, this is a key 
difference when compared to PCT and MOM methods, both of which do not require 
knowledge of the entire diameter distribution. Sample sizes consisted of 30, 50, 75, and 
100 tree measurement data from site-prepped, unthinned slash pine (Pinus elliottii) 
plantations of varying ages. PCT yielded the lowest sample variance for all sample sizes, 
followed by MLE, and then MOM. In terms of mean square error (MSE), MLE 
performed best at all sample sizes, followed by MOM, and then PCT. The most abrupt 
reduction in sample variance and MSE occurred in the jump from 30 sample trees to 50. 
Sample variance and MSE continued to decrease as sample size increased past 50. Of the 
three methods tested, MLE produced parameter estimates that were both unbiased and 
yielded the lowest MSE, and PCT yielded parameter estimates that were biased, but 
yielded the lowest sample variance. Shiver (1988) stated that even though MLE is often 
“best” at producing parameter estimates, other methods, like PCT, can yield estimates 
that were as good as MLE and reproduced the diameter distributions if bias of parameter 
estimates were not an issue. This assumption was also supported by Zarnoch and Dell 
(1985) where the properties of PCT and MLE were compared at reproducing 
distributions. With MLE set aside, it was concluded that MOM did better than PCT 
overall (Shiver 1988).  
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Cao (2004) explored previously established parameter estimation methods such as 
parameter prediction, parameter recovery (MOM, HYB, and PCT), and two new 
proposed methods. The new proposed methods were labeled as maximum likelihood 
estimator (MLE) regression and cumulative distribution function (CDF) regression. The 
six methods were evaluated using three metrics: 1) Anderson-Darling statistic 2) 
Kolmogorov-Smirnov statistic and 3) Error index (Reynolds et al. 1988). Parameter 
prediction performed worst overall while the three parameter recovery approaches 
performed similarly with HYB yielding the lowest error index. The two new methods, 
CDF regression and MLE regression, consistently performed best with CDF regression 
yielding better fit statistics of the two. The performance of both CDF and MLE 
regression could be contributed to having the entire diameter distribution contribute to 
their fitting criterion whereas the recovery approaches are simply using 
moments/percentiles to fit the distribution. Cao (2004) stated the new CDF regression 
technique was the superior method used to predict diameter distributions from stand 
attributes. 
Jiang and Brooks (2009) further investigated the CDF regression method 
proposed by Cao (2004). The study aimed at comparing the performance of the percentile 
recovery approach (0th, 25th, 50th, and 95th) and the CDF regression. PCT and CDF 
regression methods were carried out using longleaf pine (Pinus palustris) data. Data was 
collected from seventeen rectangular fixed area plots where ages and tree density ranged 
from 3 to 20 and 273 to 857 trees/acre respectively. Each method’s performance was 
compared using the Anderson-Darling (AD) statistic and error index (Reynolds et al. 
1988). Results had shown that the PCT method consistently produced lower goodness-of-
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fit statistics. This finding was counteractive for Cao’s (2004) findings stating CDF 
regression to be the superior predictive approach.  
Poudel and Cao (2013) investigated parameter estimation methods for the Weibull 
function using data composed of loblolly pine plots (0.04 acres) which were planted on 
6ft by 6ft rows consisting of 49 trees and remeasured a total of four times at the ages of 
10, 15 or 16, 20 or 22, and 25 or 27. The estimation methods tested in the study included 
MOM (AMD, QMD, diameter variance), PCT (25th, 31st, 50th, 63rd, and 95th), and HYB 
(AMD, QMD, 25th, 50th, and 95th). Findings of his study revealed that MOM and HYB 
methods that involved the use of QMD and diameter variance yielded the results with the 
lowest error leading to the assumption that QMD may offer a better central measure of 
the distribution than AMD. The poorest performing methods were found to be PCT 
method that used 31st and 63rd percentiles to recover the Weibull parameters. 
Liu et al. (2009) compared parameter prediction methods (PPM), MOM, PCT, 
MLE, HYB, and the cumulative distribution function regression (CDFR) which was first 
explored by Cao (2004). The data for this study came from 113 unthinned white spruce 
(Picea glauca) plantation plots (400m2) in eastern Canada. Of the six methods tested, all 
could be applied to fitting the distributions of the data except for HYB. PCT utilizing the 
0th, 25th, 50th, and 95th percentiles performed best and was recommended due to 
consistently producing the lowest Reynolds et al. (1988) Error Index value and K-S 
statistic. 
In the studies conducted by Liu et al. (2009) and Poudel and Cao (2013) in which 
MOM, PCT, and HYB approaches were compared, there was a lack of consistency in 
their sample size and species types used. Shiver (1988) found that the accuracy of 
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estimated parameters was correlated with sample size. Thus differences in plots sizes 
used in studies by Cao (2004), Lui et al. (2009), and Shiver (1988) could have influenced 






Study Area and Data 
Two sets of data were used in the study. The first dataset was made up of 
individual tree measurements from 202 0.10-hectare plots located in 56 loblolly pine 
stands across Mississippi, Alabama, Louisiana, and Arkansas. Stand ages ranged between 
4 and 34 years with some stands having undergone thinning operations. The data were 
collected by the Mississippi State Loblolly Pine Research Cooperative between 1981 and 
1989. Each instance where a plot was re-measured throughout the 8-year period was 
treated as an individual measurement observation. This resulted in a total of 336 
measurement plots in the final dataset. County locations of sample plots are shown 
in Figure 1. Trees per hectare (TPH), QMD, dominant height, and age statistics for the fit 
and model evaluation dataset can be located in Table 1. The second dataset consisted of 
individual tree measurements from 17 loblolly pine stands in the in the same area as the 
first data set collected within the same time period by the Forest Modeling Research 
Cooperative at Virginia Tech. Each instance where a plot was re-measured throughout 
the 8-year period was treated as an individual measurement observation. A total of 78 
plot measurement observations were recorded. Plot locations can be located in Figure 1. 
Trees per hectare (TPH), QMD, dominant height, and age statistics for the validation 
dataset can be located in Table 1.  
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To obtain a range of plot sizes at a given plot location, smaller virtual plots were 
created from each 0.10-hectare plot observation for both the first and second dataset. The 
plots were created by using proportional random sampling without replacement. The 
virtual plot sizes used were 0.02, 0.04, 0.06, and 0.08 hectares. This process resulted in a 
total of five sets of plot data (including the original 0.10-hectare plot size) each with 336 
plots for the first dataset and five sets of plot data with 78 plots for the second 
dataset. The first dataset was used to develop the diameter moments and percentiles 
prediction models and Weibull parameter recovery procedures and to compare the 
performance of the moment/percentile prediction and Weibull parameter recovery 
approaches. The second data set was used to test the performance of the best the 
moment/percentile prediction and diameter distribution recovery approach on an 
independent dataset for validation.  
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Table 1 Statistics for fit and evaluation data and validation datasets. TPH is trees per 




Fit and Evaluation Data   Validation Data 
Minimum Median Maximum   Minimum Median Maximum 
TPH 247 1354 3004   474 731 1235 
QMD (cm) 3.1 13 26.2   8.5 16.2 24.5 
Dominant 
Height (m) 
2.6 7.3 22.4   5.3 11.8 20.8 





Figure 1 County and plot locations used for model fitting and evaluation and 
validation datasets. 
 
Developing Diameter Moments and Percentiles Prediction Equations 
For each plot in the data set, the Quadratic mean diameter, minimum diameter, 
and the 25th, 50th, 93rd, and 95th percentiles were calculated. Dominant height, relative 
spacing, and number of trees per acre were also computed for each plot. Equations were 
then fitted by nonlinear regression analysis using R software version 3.3.1 (R Core Team 
2016) to relate diameter moments/percentiles to stand characteristics. The forms of the 
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+ 𝑏3𝐴𝑔𝑒) + 𝜀                                     (19) 
𝐷𝑀/𝑃 = exp (𝑏0 + 𝑏1𝑅𝑆 + 𝑏2 𝑙𝑛(𝑇𝑃𝐻) + 𝑏3 𝑙𝑛(𝐻𝑑) +
𝑏4
𝐴𝑔𝑒
) + 𝜀                    (20) 
Equations 1, 2, and 3 were adopted from Baldwin and Feduccia (1987), Matney and 
Farrar (1992), and Cao (2004), respectively. In the equations 𝐷𝑀/𝑃 is the plot diameter 
moment or percentile in centimeters, 𝑅𝑆 is relative spacing, 𝑇𝑃𝐻 is number of trees per 
hectare, 𝐻𝑑 is dominant height in meters, 𝑏𝑖 (for i = 1, 2, 3, or 4) are regression 
parameters, and 𝜀 is random error with zero expectation. Fitted Equations 1 to 3 were 
then used to predict each plot’s diameter moment or percentile for the data on which the 
model was developed. A predicted Weibull diameter distribution was then recovered for 
the plot by MOM, HYB, and PCT approaches. Parameter estimates for each equation 
fitted to the five different plot sizes can be found in Tables A.1, A.2, and A.3 in the 
Appendix.  
Recovering Stand Weibull Distribution Parameters and Diameter Distribution 
All analyses for recovering each plot’s Weibull distribution parameters and 
diameter distribution were completed using R software (R Core Team 2016) using an 
iterative program that was written for this purpose. 
Method of Moments Parameter Recovery Method 
For MOM, Weibull parameters were recovered from the predicted plot summary 
statistics for each plot within each plot size of the fit dataset as follows:  
𝑎 = 0.5 ∗ ?̂?𝑚𝑖𝑛             (21) 
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𝑏 = (?̂? − 𝑎)/Γ1             (22) 
?̂?𝑞
2 − 𝑎22𝑎?̂? − 𝑏2Γ2 = 0               (23) 
Parameters b and c were calculated by solving Equations 21 and 22 as a system of 
simultaneous equations.  
Bisection method was used to solve Equation 23 for parameter c. In Equations 21, 
22, and 23, ?̂?𝑚𝑖𝑛 is predicted minimum diameter, ?̂? is predicted AMD, ?̂?𝑞 is predicted 
QMD, and Γ𝑖 = Γ (1 +
𝑖
𝑐
) where Γ is the gamma function. 
Hybrid Parameter Recovery Method 
For the HYB method, Weibull parameters were recovered from the predicted plot 
summary statistics for each plot within each plot size of the fit dataset as follows: the a 
parameter was calculated outside of the recovery process as in Equation 21. Parameter b 
and c were calculated by simultaneously solving for b and c in Equations 24 and 25 as a 
system of equations.  
𝑏 = (?̂?93 − 𝑎)/2.65926













= 0                            (25) 
Bisection method was used to solve Equation 25 for parameter c. In Equations 24 and 25, 
?̂?𝑚𝑖𝑛 is predicted minimum diameter, ?̂?93 is predicted 93
rd percentile, ?̂?𝑞is predicted 
QMD, and Γ𝑖 is the gamma function. 
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Percentile Parameter Recovery Method 
For the PCT method, Weibull a, b, and c parameters were recovered from the 
predicted plot summary statistics using Bailey’s et al. (1989) percentiles parameter recovery 





3 − 1)                                            (26) 
𝑏 = 2.343088/[ln(?̂?95 − 𝑎) − ln(?̂?25 − 𝑎)]                                (27) 













]0.5                                    (28) 
where n is the number of trees, ?̂?0 is the predicted minimum dbh, ?̂?25 is the predicted 
25th percentile,  ?̂?50 is the predicted 50
th percentile, ?̂?95 is the predicted 95
th percentile,  
?̂?𝑞is the predicted QMD, and Γ𝑖 is the gamma function. 
Generating Predicted Diameter Distribution 
Weibull distribution parameters, calculated in the previous section, were used to generate 
the plot’s predicted diameter distribution. This was done using the Weibull distribution 
CDF: 





]     (𝑎 ≤ 𝑥 < ∞)                        (29) 
which was modified to as explained in Clutter et al. (1983) to compute the proportion of 
trees in each one-inch dbh class of the predicted Weibull diameter distribution. The 
modification is as: Substituting x in Equation 29 with the upper bound limit U of a given 
dbh class and subtracting another version of Equation 29 with the lower bound limit L in 
place of x results in the Equation: 










]                           (30) 
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where 𝑃𝑖 is proportion of trees in specified diameter class i, L is the lower bound diameter 
of diameter class i, and U is the upper bound diameter of diameter class i. Equation 19 
was used to compute the proportion of trees in each diameter class in each plot in the 
current study.  
Once proportion of trees in a given dbh class had been calculated using Equation 30, the 
number of trees in diameter class i was calculated as 
𝑇𝑃𝐻𝑖 = 𝑃𝑖 ∗ 𝑇𝑃𝐻                      (31) 
where 𝑇𝑃𝐻𝑖 is trees per hectare belonging to diameter class i, 𝑃𝑖 is proportion of trees of 
diameter class i, and TPH is trees per hectare on the plot.  
 The generated diameter distribution was output in metric units, but the diameters 
were converted to imperial units so that timber merchandising unit prices local to the 
southern U.S. could be applied for model valuation. After applying the merchandising 
specifications, the final results were converted back to metric units. 
Estimating Average Height of Observed and Predicted Diameter Classes 
An average total height was assigned to each observed and each predicted 
diameter class using the Matney and Farrar (1992) height-diameter equation. This 
equation was chosen for adoption due to being developed using the same fit dataset used 
in this study. 





)                         (32) 
where ?̂? is the predicted average height in feet of the diameter class 𝑑𝑏ℎ in inches and 
𝑄𝑀𝐷 is the plot’s quadratic mean diameter in inches.  
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Estimating Green Weight of Observed and Predicted Diameter Classes 
Green tons in each observed and predicted diameter class, on each plot, were 
computed using green weight equations of Bullock and Burkhart (2003) which was fit for 
Southeastern loblolly pine. 
𝐺?̂? = 𝑛𝑖𝑘(−4.3238 + 0.1397𝐷𝑐𝑙𝑎𝑠𝑠
2 × 𝐻?̂? ) × (𝑒𝑥𝑝 (
−0.9468×𝑀𝑇4.3397
𝐷𝑐𝑙𝑎𝑠𝑠
4.1697 ))      (33) 
Where 𝐺?̂? is predicted green weight in pounds (lbs), 𝑛𝑖𝑘 is the number of trees within k
th 
diameter class of ith plot, 𝐷𝑐𝑙𝑎𝑠𝑠 is the diameter class in inches, 𝐻?̂? is dominant height in 
feet, and 𝑀𝑇is merchantable top diameter in inches. Green weight was output in pounds 
but were converted to tons so stumpage rates could be applied for Southern U.S. 
Merchantable top diameter was dictated by the diameter classes’ product classification 
being biomass, pulpwood, chip-n-saw, or sawtimber with their merchantable top 
diameters being 2, 5, and 8 inches respectively.  
Evaluating Weibull Diameter Distribution Recovery Systems 
Evaluation of the diameter recovery approaches were done for each of the 15 
combinations of plot size, moment/percentile prediction equations, and Weibull diameter 
distribution recovery approaches using a green-tons-weighted Reynolds et al. (1988) 
error index. This index was computed separately for thinned and unthinned plots in the 
evaluation data as 
𝑀𝑒𝑎𝑛 𝐸𝑟𝑟𝑜𝑟 𝐼𝑛𝑑𝑒𝑥 =
1
𝑁
∑ ∑ |𝐺𝑊𝑖𝑘𝑛𝑖𝑘 − 𝐺𝑊𝑖𝑘?̂?𝑖𝑘|
𝑚𝑖
𝑘=1   
𝑁
𝑖=1                     (34) 
where 𝑁 is the number of thinned/unthinned plots of the model evaluation data, 𝐺𝑊𝑖𝑘 is 
the green tons in one tree in the kth diameter class in the ith plot, and 𝑛𝑖𝑘 is the observed 
and ?̂?𝑖𝑘 the predicted number of trees in the k
th diameter class of the ith plot for i = 1 to 𝑁, 
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and 𝑚𝑖 is the number of diameter classes in i
th plot. Stumpage values for non-
merchantable, pulpwood, chip-n-saw, and sawtimber were $0, $10, $17, and $24 per ton 
respectively. Prices derived from TimberMart-South 4th quarterly report from 2018. 
Testing Best Recovery System on Independent Data 
Validation of model performance, parameter recovery method, and plot size was 
carried out using a dataset that was completely independent of the data used to fit the 
prediction models. Predicted moments/percentiles were computed for each plot in the 
validation data using the “best” performing model and plot size combination. The model 
chosen as best was determined by selecting the one with the lowest stumpage-value- 
weighted Reynolds et al. (1988) mean error index. Models fit to the 0.10-hectare plot size 
were typically not considered due no longer providing a substantial decrease in error for 
the increase from 0.08-hectare to 0.10-hectare. The model chosen was Cao’s 2004 
prediction model fit using 0.08-hectare plot size. The corresponding moment/percentile 
prediction equations were: 
?̂?𝑚𝑖𝑛 = exp(9.097 − 3.793𝑅𝑆 − 0.912 𝑙𝑛(𝑇𝑃𝐻))                         (35) 
?̂?25 = exp (5.299 − 2.046𝑅𝑆 − 0.437 𝑙𝑛(𝑇𝑃𝐻) + 0.263 𝑙𝑛(𝐻𝑑) +
1.728
𝐴𝑔𝑒
)         (36) 
?̂?50 = exp (3.875 − 1.803𝑅𝑆 − 0.0428 𝑙𝑛(𝑇𝑃𝐻) + 0.138 𝑙𝑛(𝐻𝑑) +
0.876
𝐴𝑔𝑒
)         (37) 
?̂?93 = exp(3.199 − 0.590𝑅𝑆 − 0.198 𝑙𝑛(𝑇𝑃𝐻) + 0.533 𝑙𝑛(𝐻𝑑))                 (38) 
?̂?95 = exp(3.040 − 0.521𝑅𝑆 − 0.183 𝑙𝑛(𝑇𝑃𝐻) + 0.558 𝑙𝑛(𝐻𝑑))                (39) 
?̂?𝐴𝑀𝐷 = exp(4.463 − 1.308𝑅𝑆 − 0.320 𝑙𝑛(𝑇𝑃𝐻) + 0.320 𝑙𝑛(𝐻𝑑))              (40) 
and 
?̂?𝑄𝑀𝐷 = exp(4.197 − 1.159𝑅𝑆 − 0.296 𝑙𝑛(𝑇𝑃𝐻) + 0.357 𝑙𝑛(𝐻𝑑))               (41) 
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where ?̂?𝑚𝑖𝑛 is predicted minimum diameter (cm), ?̂?25 is predicted 25
th percentile (cm), 
?̂?50 is predicted 50
th percentile (cm), ?̂?93 is predicted 93
rd percentile (cm), ?̂?95 is 
predicted 95th percentile (cm), ?̂?𝐴𝑀𝐷 is predicted AMD (cm), and ?̂?𝑄𝑀𝐷 is predicted 
QMD (cm). Using the predicted moments/percentiles, Weibull parameter estimates were 
recovered using method of moments, percentiles, and hybrid recovery approaches as 
explained in Equations (21) through (28). Each plot’s diameter distribution was then 
generated, from the resulting Weibull pdf, as described in section “Generating Predicted 
Diameter Distribution”. Average total height was then assigned to each dbh class and 
green weight calculated for each dbh class as described in sections “Estimating Average 
Height of Observed and Predicted Diameter Classes” and “Estimating Green Weight of 
Observed and Predicted Diameter Classes”. Lastly, diameter distribution prediction error 
was calculated using Reynold’s et al. (1988) error index as described in “Evaluating 




RESULTS AND DISCUSSION 
The trends in Reynold’s et al. (1988) error index across the plot sizes and 
moment/percentile prediction model, for the three Weibull parameter recovery 
approaches, are shown in Figure 2 for unthinned stands and Figure 3 for thinned stands. 
For all recovery approaches, error was lower the larger the plot size, which follows suit 
with Shiver’s (1988) findings. Trends suggest a plot size of 0.08 hectares might be 
sufficient for model building for data from unthinned stands. Substantial decrease in error 
was no longer evident when plot size increased from 0.08 to 0.10 hectares for these 
stands (Figure 1). Error index for thinned stands did not exhibit a leveling off trend across 
the 5 plot sizes investigated. This trend in thinned stands suggests that data should likely 
be collected from a larger plot size in order to better estimate moments/percentile 
prediction model coefficients.  
Model form effects were evident across all three models due to varied error values 
produced by each. Ranking of parameter recovery approach also varied depending on 
moments/percentile prediction model used. A change in ranking occurred between MOM, 
HYB, and PCT parameter recovery approaches at the 0.10-hectare plot size for Baldwin 
and Feduccia’s (1987) and Matney and Farrar’s (1992) moments/percentile prediction 
models. For the Baldwin and Feduccia (1987) model, PCT produced a lower error index 
at the 0.10-hectare plot size, thus changing the rank of performance among recovery 
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approaches. Matney and Farrar’s (2004) model also experienced changes in rank for all 
three recovery approaches for the increase in plot size from 0.08 to 0.10-hectares. PCT 
produced the lowest error index at 0.10-hectares followed by MOM and HYB 
respectively for the Matney and Farrar (1992) model. Additionally, the consistent 
performance between the PCT and HYB recovery method producing lower error index 
values differed from Liu et al. (2009) conclusions of HYB being the poorest performer 
out of MOM, HYB, and PCT. Cao’s (2004) model produced the lowest error index 
values for plot sizes 0.06, 0.08, and 0.10-hectare for all three parameter recovery 
approaches. 
 
Figure 2 Across plot size Error Index trends, in unthinned loblolly pine (Pinus taeda) 





Comparing the trends in Figure 3 to those in Figure 2, it can be seen that mean 
error index was drastically higher in thinned stands than in unthinned stands. This 
difference in error can be attributed to thinning operations disrupting the continuity of the 
distribution of diameters in the plots sampled making it difficult for a continuous 
distribution like the Weibull to more precisely predict the diameter distribution in the 
stand. Due to the large discrepancy between thinned and unthinned stand error values, 
diameter distribution models utilizing the Weibull pdf should be used with caution in 
thinned stands. Results also show that the percentile and hybrid recovery methods 
consistently produced lower error index values than method of moments. This consistent 
performance could possibly be attributed to the number of order statistics used in the 
moments parameter recovery system while coupled with the summary statistic, QMD. 
Although the MOM uses one order statistic, D0, in conjunction with AMD and QMD, its’ 
performance suggests that it may need to utilize additional higher order statistics to more 
accurately capture the distribution. Method of moments parameter recovery consistently 
performed worst for all combinations, except for the 0.10-hectare plot size using the 
Matney and Farrar (1992) model (Figure 2). This evidence may further suggest the need 
of order statistics to be used when recovering Weibull parameters.  
Model form effects were most evident in thinned stands. All three models 
produced varying results with Cao’s (2004) model performing best and Matney and 
Farrar’s (1992) model performing worst, indicating that prediction of diameter 
moments/percentiles in thinned stands may be more affected by model choice than the 
prediction in unthinned stands. The variation among models could be attributed to the 




Figure 3 Across plot size Error Index trends, in thinned loblolly pine (Pinus taeda) 





Figure 4 Across plot size Error Index Trends, in thinned stands, using Cao’s (2004) 
moments/percentile prediction models fitted to 0.08-hectare sample data. 
 
 
Error index trends for the recovery of independent data diameter distributions, 
from moments/percentiles predicted using the Cao (2004) model, are shown in Figure 4. 
As was seen for the fit data, method of moments yielded the highest error indices across 
all plot sizes. Both percentiles and hybrid parameter recovery approaches yielded errors 
that were not very different from each other, but percentile performed slightly better for 
each plot size. Error index generally decreased with increased plot size. The decrease 
after 0.08 ha plot size was not very substantial. These trends indicate that for a 
moment/percentile prediction model fitted using some optimum plot size, the accuracy of 
predicted diameter distributions depend on the plot size of which sample data is collected 
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from. Diameter distributions recovered for small inventory plots will be less accurate 





Moments and percentiles prediction equations were developed using data sets 
from each of the five plot sizes for loblolly pine stands located in the Gulf coastal plain of 
the United States. These models were then used to predict stand’s diameter 
moments/percentiles so that Weibull parameters could be recovered using either the 
method of moments, hybrid, or percentile-based parameter recovery approaches. 
Predicted Weibull parameters yielded predicted diameter distributions which were then 
compared to the observed distribution using Reynold’s et al. (1988) error index  
Larger plot sizes resulted in more accurate predicted diameter distributions but 
differences between recovery methods were not consistent across plot size. Some changes 
in rank of the error index for MOM, PCT, or HYB were evident. Method of moments 
was consistently the poorest performer across all plot sizes in both thinned and unthinned 
and with the independent data. 
Moments/percentile prediction model form effects were also evident across the 
three investigated parameter recovery approaches with Cao (2004) performing best and 
Matney and Farrar (1992) performing worst. The extra predictor variable (Relative 
Spacing) in the Cao (2004) model probably contributed to its better performance 
compared to the other models. Based on the consistently lower error index for hybrid and 
percentile recovery approaches when compared with the moments recovery approach, it 
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can be inferred that an increase in the number of higher order statistics in a diameter 
distribution recovery system may improve the accuracy of the diameter distribution 
recovery system.  
There was evidence of interaction between plot size, model form, and the 
parameter recovery method used. Thus, it is possible that differences in plot size led to 
the inconsistent conclusions among the studies by Cao (2004), Liu et al. (2009) and 
Poudel and Cao (2013). 
Future Work 
Optimum plot size for thinned stands was not identified in the current study 
(Figure 4). A future study with plots larger than 0.10 ha set up in thinned stands can be 
used to investigate and determine the optimal plot size that can be used to acquire 
adequate data for fitting moment/percentile prediction models. Another possible future 
area of investigation stems from the fact that the current study did not include recently 
proposed methods for recovering a predicted diameter distribution such as the CDFR 
method (Cao 2004). A comprehensive study that includes such methods should be carried 
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Parameter estimates and root mean squared error (RMSE) estimates for Baldwin and 
Feduccia (1987) – (15), Matney and Farrar (1992) – (16), and Cao (2004) – (17) 
moments/percentile prediction models are shown in Tables A.1, A.2, and A.3 
respectively. RMSE units are in centimeters, as are the predicted 𝐷𝑀/𝑃. It should be noted 
that the presence of “ – ” in Tables 2 through 4 indicate that the coefficient was dropped 




Table 2 Final fitted model coefficients for Baldwin and Feduccia (1987) – (15) 
moments/percentile prediction model and RMSE values for each sampled 
plot size. 
Baldwin and Feduccia (1987) 
𝑫𝑴/𝑷 b0 b1 b2 b3 RMSE PS 
AMD 5.814 0.724 -0.128 - 1.340 
0.05 
QMD 5.796 0.720 -0.122 - 1.280 
D0 - 1.304 -0.188 - 2.343 
D25 6.455 0.704 -0.162 - 1.717 
D50 5.108 0.722 -0.108 - 1.567 
D93 5.746 0.724 -0.085 - 1.665 
D95 5.539 0.730 -0.079 - 1.768 
AMD 5.401 0.740 -0.123 - 1.265 
0.10 
QMD 5.568 0.731 -0.119 - 1.219 
D0 1.587 -0.369 6.266 - 2.033 
D25 3.038 0.891 -0.140 1.681 1.556 
D50 4.906 0.726 -0.104 - 1.452 
D93 8.564 0.643 -0.099 -1.046 1.667 
D95 8.696 0.646 -0.099 -1.017 1.718 
AMD 5.967 0.727 -0.132 - 1.189 
0.15 
QMD 6.134 0.720 -0.129 - 1.153 
D0 - 1.384 -0.244 - 2.098 
D25 3.266 0.862 -0.136 1.391 1.383 
D50 5.291 0.714 -0.110 - 1.310 
D93 7.484 0.715 -0.117 - 1.591 
D95 7.682 0.716 -0.117 - 1.689 
AMD 5.595 0.734 -0.126 - 1.175 
0.20 
QMD 5.814 0.725 -0.123 - 1.138 
D0 - 1.371 -0.246 - 2.011 
D25 3.234 0.868 -0.137 1.354 1.395 
D50 4.939 0.726 -0.104 - 1.314 
D93 7.031 0.722 -0.110 - 1.580 
D95 6.928 0.725 -0.105 - 1.654 
AMD 5.684 0.732 -0.127 - 1.166 
0.25 
QMD 5.886 0.724 -0.125 - 1.127 
D0 - 1.395 -0.259 - 1.992 
D25 3.278 0.868 -0.140 1.442 1.382 
D50 5.053 0.721 -0.106 - 1.292 
D93 9.115 0.651 -0.113 -0.780 1.532 




Table 3 Final fitted model coefficients for Matney and Farrar’s (1992) – (16) 
moments/percentile prediction model and RMSE values for each sampled 
plot size. 
Matney and Farrar (1992) 
𝑫𝑴/𝑷 b0 b1 b2 b3 RMSE PS 
AMD 216.133 -0.182 -0.470 -0.003 1.261 
0.05 
QMD 168.561 -0.162 -4.414 - 1.211 
D0 1806.667 -0.485 -6.774 -0.009 2.161 
D25 305.796 -0.234 -5.000 -0.008 1.611 
D50 213.209 -0.171 -4.819 -0.005 1.494 
D93 171.447 -0.127 -4.410 - 1.632 
D95 170.441 -0.122 -4.448 - 1.745 
AMD 228.793 -0.181 -4.876 -0.004 1.165 
0.10 
QMD 207.965 -0.172 -4.712 -0.003 1.127 
D0 4067.477 -0.490 -9.270 -0.021 1.979 
D25 311.381 -0.220 -5.366 -0.009 1.449 
D50 223.791 -0.170 -4.936 -0.006 1.329 
D93 152.473 -0.125 -4.194 0.003 1.628 
D95 151.399 -0.123 -4.155 0.004 1.690 
AMD 251.010 -0.194 -4.844 -0.005 1.053 
0.15 
QMD 232.279 -0.186 -4.705 -0.004 1.028 
D0 4222.693 -0.536 -8.673 -0.018 1.946 
D25 309.080 -0.218 -5.355 -0.009 1.236 
D50 240.700 -0.180 -4.914 -0.006 1.142 
D93 214.646 -0.159 -4.349 - 1.528 
D95 221.559 -0.160 -4.349 - 1.643 
AMD 230.128 -0.184 -4.826 -0.004 1.058 
0.20 
QMD 213.718 -0.177 -4.677 -0.003 1.030 
D0 3675.534 -0.505 -9.135 -0.018 1.899 
D25 284.037 -0.212 -5.300 -0.008 1.280 
D50 218.339 -0.170 -4.893 -0.005 1.183 
D93 178.356 -0.142 -4.222 0.002 1.527 
D95 208.046 -0.148 -4.407 - 1.610 
AMD 237.996 -0.187 -4.846 -0.004 1.042 
0.25 
QMD 219.504 -0.179 -4.694 -0.003 1.013 
D0 4331.805 -0.517 -9.479 -0.019 1.886 
D25 317.398 -0.222 -5.373 -0.009 1.243 
D50 225.855 -0.173 -4.902 -0.006 1.143 
D93 209.772 -0.154 -4.370 - 1.476 




Table 4 Final fitted model coefficients for Cao (2004) – (17) moments/percentile 
prediction model and RMSE values for each sampled plot size. 
Cao (2004)  
𝑫𝑴/𝑷 b0 b1 b2 b3 b4 RMSE PS 
AMD 4.235 -1.187 -0.304 0.351 - 1.277 
0.05 
QMD 3.985 -1.066 -0.280 0.383 - 1.222 
D0 8.600 -3.046 -0.833 - - 2.169 
D25 5.618 -1.803 -0.428 0.138 - 1.641 
D50 3.875 -1.250 -0.292 0.434 1.222 1.504 
D93 3.124 -0.656 -0.183 0.516 - 1.637 
D95 2.927 -0.580 -0.165 0.547 - 1.747 
AMD 4.264 -1.233 -0.306 0.351 - 1.189 
0.10 
QMD 3.988 -1.083 -0.281 0.388 - 1.153 
D0 10.337 -5.188 -1.073 - 4.895 1.981 
D25 5.001 -1.934 -0.424 0.322 2.088 1.461 
D50 4.421 -1.488 -0.324 0.339 0.957 1.354 
D93 3.034 -0.436 -0.165 0.514 -0.931 1.655 
D95 2.893 -0.359 -0.153 0.540 -0.921 1.711 
AMD 4.621 -1.353 -0.334 0.299 - 1.090 
0.15 
QMD 4.356 -1.209 -0.310 0.336 - 1.063 
D0 9.100 -3.522 -0.914 - - 1.970 
D25 5.299 -2.042 -0.436 0.258 1.775 1.263 
D50 4.649 -1.536 -0.338 0.298 0.808 1.192 
D93 3.495 -0.700 -0.222 0.490 - 1.554 
D95 3.410 -0.648 -0.214 0.508 - 1.658 
AMD 4.463 -1.308 -0.320 0.320 - 1.082 
0.20 
QMD 4.197 -1.159 -0.296 0.357 - 1.056 
D0 9.097 -3.793 -0.912 - - 1.902 
D25 5.299 -2.046 -0.437 0.263 1.728 1.278 
D50 4.447 -1.484 -0.325 0.333 0.876 1.206 
D93 3.199 -0.590 -0.198 0.533 - 1.553 
D95 3.040 -0.521 -0.183 0.558 - 1.634 
AMD 4.472 -1.305 -0.322 0.320 - 1.073 
0.25 
QMD 4.201 -1.156 -0.297 0.358 - 1.045 
D0 10.396 -5.110 -1.096 - 4.005 1.883 
D25 5.386 -2.079 -0.445 0.251 1.810 1.260 
D50 4.513 -1.509 -0.330 0.322 0.906 1.177 
D93 3.254 -0.603 -0.203 0.525 - 1.508 
D95 3.046 -0.506 -0.185 0.560 - 1.548 
 
